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We give vertex operator constructions for the toroidal Lie algebra of type Blν ≥
1 l ≥ 2. We prove that the subquotients of the modules are completely reducible,
and give the irreducible decomposition.  2001 Elsevier Science
0. INTRODUCTION
The toroidal Lie algebras τν are the universal central extensions of the
iterated loop algebras 0 ⊗ Ct±11  t±12      t±1ν  which were introduced and
studied in [1] and [3]. These Lie algebras are interesting because they are
natural generalizations of afﬁne Kac–Moody Lie algebras and are related
to the inﬁnite-dimensional group of polynomial maps of X to the complex
algebraic group G, where X is a ν-dimensional torus.
In [1] and [3], the vertex representations in the homogeneous picture
were constructed for toroidal algebras of simply laced type on Fock space
through the case of vertex operators. This construction is a generalization of
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the Frenkel–Kac and Segal level-one constructions of the afﬁne Kac–Moody
algebras. In [4], vertex representations of the 2-toroidal Lie algebra T Bl
were given using vertex operators and a presentation from [1] for the
toroidal Lie algebra T Xl. In this paper, by introducing different ver-
tex operators, we give homogeneous vertex representations of the ν + 1-
toroidal ν ≥ 1 Lie algebra of type Blν ≥ 1 l ≥ 2 (Sections 2 and 3).
In Section 4 we discuss the module V L given in Section 2. We prove
that although V L is not decomposable, for any µ ∈ L/Q V L/Mµ is
completely reducible, and we give the irreducible decomposition.
Throughout the paper, we denote by Z+ the set of nonnegative integers
and denote by Z− the set of negative integers.
1. TOROIDAL LIE ALGEBRA OF TYPE Bl
Let 0 be the ﬁnite-dimensional simple Lie algebra of type Bl, and let
A = Cs±1 t±11      t±1ν ν ≥ 1 be the ring of Laurent polynomials in
commuting variables s t1     tν. For n = n1 n2     nν ∈ Zν, we denote
smt
n1
1 t
n2
2 · · · tnνν by smtn. Then the toroidal Lie algebra of type Bl is the vector
space
 = 0 ⊗A⊕A/dA
where A/dA = spansmtnt−1i dti smtns−1dsm ∈ Z n ∈ Zν i = 1,
2     ν, with the Lie bracket
x⊗ f1 y ⊗ f2 = x y ⊗ f1f2 + xyf2df1
A/dA = 0
and
msmtns−1ds +
ν∑
i=1
nis
mtnt−1i dti = 0
and
sm2 tn2dsm1 tn1 = m1sm1+m2 tn1+n2s−1ds +
ν∑
i=1
n1is
m1+m2 tn1+n2t−1i dti
where x y ∈ 0 f1 f2 ∈ Am ∈ Z n = n1 n2     nν ∈ Zν, and ni =
ni1 ni2     niν ∈ Zν. Here ·· is the symmetric bilinear form on 0
deﬁned by xy = trxy for x y ∈ 0.
Let H0 be the Cartan subalgebra of 0, and let H
∗
0 be the dual space
of H0. Then there exists the normal orthogonal basis e1 e2     el such
that the short root system ˙S = ±ei1 ≤ i ≤ l and the long root sys-
tem ˙L = ±ei + ej±ei − ej 1 ≤ i < j ≤ l. The simple root system
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∏ = e1 − e2 e2 − e3     el−1 − el el. Let αi = ei − ei+1 1 ≤ i ≤ l − 1,
and αl = el. Then the root lattice is
Q0 =
{ l∑
j=1
kjαjkj ∈ Z j = 1 2     l
}
and αiαi = 2 and αlαl = 1 1 ≤ i ≤ l − 1.
Let L be a free Z-module on generators α1     αl δ1     δν, and
d1     dν. Extend ·· on Q0 to the Z-valued symmetric bilinear form
on L by
δiδj = didj = αiδj = αidj = 0
and
δidj = δij
Let Q be the sublattice generated by α1     αl and δ1     δν. Denote
n1δ1 + n2δ2 + · · · + nνδν by δn, which is called a null root, where n = n1,
n2     nν.
Deﬁne %  L× L→ ±1 by
%a+ b c = %a c%b c %a b+ c = %a b%a c a b c ∈ L
%ei ej = 1 1 ≤ i ≤ j ≤ l %ej ei = −%ei ej i < j
and
%δi α = %di α = %α δi = %α di = 1 1 ≤ i ≤ ν α ∈ L
Lemma 1.1. (1) %a b%a+ b c = %b c%a b+ c ∀a b, c ∈ L.
(2) %a+ δn1 b+ δn2%b+ δn2 a+ δn1 = −1ab+1 ∀a b ∈ ˙S .
(3) %a+ δn1 b+ δn2%b+ δn2 a+ δn1 = −1ab ∀a ∈ ˙L, b ∈ ˙.
(4) %a+ δn1 b+ δn2 = −%b+ δn2 a+ δn1 ∀a b a+ b ∈ ˙.
Proof. By the deﬁnition of %, (1) holds. Let
a =
l∑
i=1
miei b =
l∑
j=1
njej
Then
%a+ δn1 b+ δn2%b+ δn2 a+ δn1 = %a b%b a
=
l∏
i j=1
%ei ejminj
l∏
i j=1
%ei ejnimj
= −1
∑
1≤i<j≤l minj+
∑
1≤i<j≤l nimj
= −1ab+
∑l
i=1mi
∑l
j=1 nj
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If a ∈ ˙L, then
∑l
i=1mi ∈ 2Z. If a ∈ ˙S , then
∑l
i=1mi ∈ 2Z+ 1. Therefore,
(2) and (3) hold. Part (4) follows from the fact that ab ∈ 2Z if a b ∈ ˙S
and a+ b ∈ ˙, and ab ∈ 2Z+ 1 if a ∈ ˙L and b a+ b ∈ ˙.
Theorem 1.1. There exists a spanning set α∨i ⊗ smtn 1 ≤ i ≤ l eα ⊗
smtn smtnt−1j dtj j = 1     ν smtns−1ds α ∈ ˙m ∈ Z n ∈ Zν of 
such that[
α∨i ⊗ sm1 tn1 α∨j ⊗ sm2 tn2
] = α∨i α∨j sm2 tn2dsm1 tn1 1 ≤ i j ≤ l[
α∨i ⊗ sm1 tn1 eα ⊗ sm2 tn2
] = αα∨i eα ⊗ sm1+m2 tn1+n2 1 ≤ i ≤ l[
eα ⊗ sm1 tn1 e−α ⊗ sm2 tn2
] = %α−α 2αα [γ−1α ⊗ sm1+m2 tn1+n2
+ sm2 tn2dsm1 tn1] α ∈ ˙[
eα ⊗ sm1 tn1 eβ ⊗ sm2 tn2
] = %αβeα+β ⊗ sm1+m2 tn1+n2
∀α ∈ ˙L β α+ β ∈ ˙[
eα ⊗ sm1 tn1 eβ ⊗ sm2 tn2
] = 2%αβeα+β ⊗ sm1+m2 tn1+n2
∀αβ ∈ ˙S α+ β ∈ ˙
and [
eα ⊗ sm1 tn1 eβ ⊗ sm2 tn2
] = 0 ∀αβ ∈ ˙ 0 = α+ β ∈ ˙
where γ is the linear space automorphism from H0 to H
∗
0 such that
ab = bγ−1a ∀a b ∈ H∗0
and
γα∨i  = αi 1 ≤ i ≤ l γα∨l  = 2αl
2. VERTEX REPRESENTATIONS OF 
Let H = C ⊗Z Q and Hk an isomorphic copy of H for k ∈ Z. Then
H0 ⊂ H. Deﬁne a Lie algebra
H˜ = ⊕
k∈Z
Hk⊕
k∈Z
Cel
(
k+ 1
2
)
⊕ Cc
with the Lie bracket
am bn = mabδm+n 0c[
el
(
m+ 1
2
)
 el
(
n− 1
2
)]
=
(
m+ 1
2
)
δm+n 0c
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and
H˜ c =
[⊕
k∈Z
Hk el
(
k+ 1
2
)]
= 0
where a b ∈ H; mn k ∈ Z; and Celk + 12  is a copy of Cel for k ∈ Z.
Then
Ĥ = ⊕
k∈Z\0
Hk⊕
k∈Z
Cel
(
k+ 1
2
)
⊕ Cc
is a subalgebra of H˜. Let
Ĥ− = ⊕
k∈Z−
Hk ⊕
k∈Z−
Cel
(
k+ 1
2
)
and let SĤ− be the symmetric algebra generated by Ĥ−. Then SĤ− is
a Ĥ-module with the action of Ĥ on SĤ− deﬁned by
c · v = v
and
a−m · v = a−mv el
(
−m+ 1
2
)
· v = el
(
−m+ 1
2
)
v
for v ∈ SĤ− a ∈ H, and m ∈ Zm ≥ 1. Here am elm − 12 m ∈
Zm ≥ 1 act as partial differential operators for which
am · b−n = mabδmn
am · el
(
−n+ 1
2
)
= 0
el
(
m− 1
2
)
· b−n = 0
and
el
(
m− 1
2
)
· el
(
−n+ 1
2
)
=
(
m− 1
2
)
δmn
where a b ∈ H and mn ∈ Z, mn ≥ 1.
As usual, we form a group algebra CL with base elements of the form
err ∈ L, and the product
er1er2 = er1+r2 r1 r2 ∈ L
Let
V L = SĤ− ⊗ CL
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and extend the action of Ĥ to the space V L by
am · v⊗ er = am · v ⊗ er a ∈ Hm ∈ Z\0
el
(
m+ 1
2
)
· v⊗ er =
(
el
(
m+ 1
2
)
· v
)
⊗ erm ∈ Z
and
a0 · v⊗ er = arv⊗ er
Let z be a complex variable. For a ∈ Q, deﬁne C-linear operators as
zav⊗ er = z2arv⊗ er
eav⊗ er = v⊗ ea+r
%av⊗ er = %a rv⊗ er
E−a z = exp
( ∞∑
n=1
z2n
n
a−n
)

E+a z = exp
(
−
∞∑
n=1
z−2n
n
an
)

F−el z = exp
( ∞∑
n=0
2
2n+ 1z
2n+1el
(
−2n+ 1
2
))

F+el z = exp
(
−
∞∑
n=0
2
2n+ 1z
−2n−1el
(
2n+ 1
2
))

and
az =∑
j∈Z
ajz−2j 
Then E±a z and F±el z az are elements in EndV Lz z−1.
Let V˜ L be the formal completion of V L = SĤ− ⊗ CL. We give
some vertex operators on V˜ L:
1. Let δn be a null root and a = k1α1 + · · · + klαl ∈ Q0. Deﬁne
Y a+ δn z =


E−a+ δn zE+a+ δn z if kl ∈ 2Z
√−1E−a+ δn zE+a+ δn z
F−el zF+el z if kl ∈ 2Z+ 1.
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2. Let a ∈ Q0 δn be a null root and deﬁne
Xa+ δn z = Y a+ δn zzaaea+δnza+δn%a+δn 
For convenience, we adopt the notation of normal ordering rules:
 a+ δmib+ δnj =
{ a+ δmib+ δnj if i ≤ j
b+ δnja+ δmi if j < i,
where a b ∈ Q0, δm and δn are null roots, and i j ∈ 12Z. We then have
 E−a+ δm zE+a+ δm zE−b+ δnwE+b+ δnw 
= E−a+ δm zE−b+ δnwE+a+ δm zE+b+ δnw
 F−el zF+el zF−el wF+el w 
= F−el zF−el wF+el zF+el w
3. Let a b ∈ Q0 and δm and δn be null roots. Then deﬁne
Ta+δmb+ δn z = a+ δmzXb+ δn z  
Also deﬁne
Xa+ δm b+ δn zw
= Y a+ δm zY b+ δnw  wa+ba+bea+b+δm+δnwa+b+δm+δn%a+b
The Laurent series of the operators Xa+ δn z and Ta+δmb+ δn z are
denoted by
Xa+ δn z =
∞∑
m=−∞
Xm
2
a+ δnz−m
and
Ta+δmb+ δn z =
∞∑
k=−∞
T
a+δm
k
2
b+ δnz−k
Then Xma + δn and T
a+δm
k b + δn∀mk ∈ 12Z are operators on
V L.
Theorem 2.1. The toroidal Lie algebra  of type Bl is homomorphic to
the Lie algebra generated by operators Xmα+ δnα ∈ ˙ n ∈ Zνm ∈ Z on
V L = SĤ− ⊗ CL. The homomorphism π is given by
πeα ⊗ smtn = Xmα+ δn α ∈ ˙
π
(
γ−1α ⊗ smtn) = Tαmδn α ∈ ˙
πsmtnt−1i dti = Tδim δn
and
πsmtns−1ds = Xmδn
where eαα ∈ ˙ and γ are the same as in Theorem 1.1.
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3. PROOF OF THEOREM 2.1.
Lemma 3.1 ([8]). Suppose that z and w are two complex variables. Then
E+a+ δm zE−b+ δnw
=
(
1− w
z
)ab(
1+ w
z
)ab
E−b+ δnwE+a+ δm z z > w
and
F+el zF−el w =
(
1− w
z
)(
1+ w
z
)−1
F−el wF+el z z > w
where a b ∈ Q0.
Lemma 3.2.[
Tαmδn1 Tβn δn2
]
= αβ
(
mXm+nδn1+n2 +
ν∑
i=1
n1iT
δi
m+nδn1+n2
)

where ni = ni1δ1 + ni2δ2 + · · · + niνδν αβ ∈ Q.
Proof.
αzβw =
(∑
j∈Z
αjz−2j
)(∑
j∈Z
βjw−2j
)
=
∞∑
j=1
jαβz−1w2j+  αzβw 
= αβ w
2z2
z2 −w22+  αzβw  z > w
and
βwαz =
∞∑
j=1
jαβw−1z2j+  αzβw 
= αβ w
2z2
z2 −w22+  αzβw  w > z
Therefore, we have[
Tαm
(
δn1
)
 Tβ
(
δn2 w
)]
= 1
2πi
∫
C1z>w
z2m−1
[
αβ w
2z2
z2 −w22+  αzβw 
]
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×X(δn1 z)X(δn2 w)dz
− 1
2πi
∫
C2 z<w
z2m−1
[
αβ w
2z2
z2 −w22+  αzβw 
]
×X(δn1 z)X(δn2 w)dz
= 1
2πi
∫
C1−C2
z2m−1
[
αβ w
2z2
z2 −w22+  αzβw 
]
×X(δn1 z)X(δn2 w)dz
= 1
2πi
∫
C1−C2
z2m−1αβ w
2z2
z2 −w22X
(
δn1 z
)
X
(
δn2 w
)
dz
= αβ d
dz
[
z2m+1
w2
z +w2X
(
δn1 δn2 zw
)zw−1δn1]∣∣∣∣
z=w
+αβ d
dz
[
z2m+1
w2
z −w2X
(
δn1 δn2 zw
)zw−1δn1]∣∣∣∣
z=−w
= αβw2m
(
m+∑
j∈Z
δn1jw−2j
)
X
(
δn1+n2 w
)
= αβw2m
(
m+
ν∑
i=1
∑
j∈Z
n1iδijw−2j
)
X
(
δn1+n2 w
)
= αβw2m
(
mX
(
δn1+n2 w
)+ ν∑
i=1
n1iT
δi
(
δn1+n2 w
))

Therefore,[
Tαmδn1 Tβn δn2
] = αβ(mXm+n(δn1+n2)+ ν∑
i=1
n1iT
δi
m+n
(
δn1+n2
))

Lemma 3.3.[
Tαmδn1Xnβ+ δn2
] = αβXm+n(β+ δn1+n2) α ∈ Q0 β ∈ ˙
Proof.
Tα
(
δn1 z
)
X
(
β+ δn2 w
)
=
(∑
j∈Z+
αjz−2j + ∑
0 =j∈Z+
α−jz2j
)
X
(
δn1 z
)  X(β+ δn2 w)
= ∑
0 =j∈Z+
α−jz2jX(δn1 z)X(β+ δn2 w)+X(δn1 z)
( ∞∑
n=0
αβ
(
w
z
)2n)
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·X(β+ δn2 w)+X(δn1 z)X(β+ δn2 w)
( ∑
j∈Z+
αjz−2j
)
= αβ
(
1− w
z
)−1(
1+ w
z
)−1
X
(
δn1 z
)
X
(
β+ δn2 w
)
+  Tα(δn1 z)X(β+ δn2 w)  z > w
X
(
β+ δn2 w
)
Tα
(
δn1 z
)
= X(β+ δn2 w) 
(∑
j∈Z+
αjz−2j + ∑
0 =j∈Z+
α−jz2j
)
X
(
δn1 z
) 
=
∞∑
n=1
αβ−1
(
z
w
)2n
X
(
δn1 z
)
X
(
β+ δn2 w
)
+  Tα(δn1 z)X(β+ δn2 w) 
= αβ
(
1− w
z
)−1(
1+ w
z
)−1
X
(
δn1 z
)
X
(
β+ δn2 w
)
+  Tα(δn1 z)X(β+ δn2 w)  z < w
Thus
[
Tαδn1 zXβ+ δn2 w
]
= 1
2πi
∫
C1z>w
z2m−1
[
αβ
(
1− w
z
)−1(
1+ w
z
)−1
×X(δn1 β+ δn2 zw)zw−1δn1
+  Tα(δn1 z)X(β+ δn2 w) 
]
dz
− 1
2πi
∫
C2 z<w
z2m−1
[
αβ
(
1− w
z
)−1(
1+ w
z
)−1
×X(δn1 β+ δn2 zw)zw−1δn1
+  Tα(δn1 z)X(β+ δn2 w) 
]
dz
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= 1
2πi
∫
C1−C2
z2m−1
[
αβ
(
1− w
z
)−1(
1+ w
z
)−1
×X(δn1 β+ δn2 zw)zw−1δn1
+  Tα(δn1 z)X(β+ δn2 w) 
]
dz
= αβw2mXβ+ δn1+n2 w
Therefore, the lemma holds.
Lemma 3.4.
Xmα+ δn1Xn−α+ δn2
= %α−α 2αα
[
Tαm+n
(
δn1+n2
)+mXm+n(δn1+n2)+ ν∑
i=1
n1iT
δi
m+n
(
δn1+n2
)]

where α ∈ ˙ ni = ni1 ni2     niν ∈ Zν.
Proof. If α ∈ ˙s, then we have
X
(
α+ δn1 z
)
X
(−α+ δn2 w)
=
√
−1E−(α+ δn1 z)E+(α+ δn1 z)F−el zF+el z
×
√
−1E−(−α+ δn2 w) · E+(−α+ δn2 w)
×F−el wF+el wzeα+δn1 zα+δn1 %αwe−α+δn2w−α+δn2 %−α
= %α−αw
z
(
1+ w
z
)−2
z
α+δn1w−α−δn1  Y (α+ δn1 z)
×Y (−α+ δn2 w)  ·eδn1+n2wδn1+n2  z > w
and
X
(−α+ δn2 w)Xα+ δn1 z
= %−α αw
z
(
1+ w
z
)−2
z
α+δn1w−α−δn1  Y (α+ δn1 z)
×Y (−α+ δn2 w)  ·eδn1+n2wδn1+n2  z < w
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By Lemma 1.1, %−α α = %α−α. Therefore,[
Xmα+ δn1X−α+ δn2 w
]
= 1
2πi
∫
C1−C2 C1 z>w
C2 z<w
%α−αz2m−1w
z
(
1+ w
z
)−2
× zα+δn1w−α−δn1  Y (α+ δn1 z) · Y (−α+ δn2 w)  eδn1+n2wδn1+n2 dz
= %α−α
[
d
dz
z2mwz
α+δn1w−α−δn1  Y (α+ δn1 z)
·Y (−α+ δn2 w)  eδn1+n2wδn1+n2
]∣∣∣∣
z=−w
= %α−α
[
2mw2mX
(
δn1+n2 w
)+ 2w2mX(δn1+n2 w)α+ δn10
+ 2w2m
∞∑
n=1
w2n
(
α+ δn1
)−nX(δn1+n2 w)
+ 2w2mX(δn1+n2 w) · ∞∑
n=1
w−2n
(
α+ δn1
)n]
+ %α−α
[
−2w2m+1
( ∞∑
n=0
w2nel
(
− 2n+ 1
2
))
·X(δn1+n2 w)
− 2w2m+1X(δn1+n2 w)
( ∞∑
n=0
w−2nel
(
2n+ 1
2
))]
= 2%α−αw2m
[
 αwX(δn1+n2 w)  +mX(δn1+n2 w)
+ 
( ν∑
i=1
n1iδiw
)
X
(
δn1+n2 w
) ]
− 2%α−αw2m+1
[( ∞∑
n=0
w2nel
(
−2n+ 1
2
))
·X(δn1+n2 w)
+X(δn1+n2 w)
( ∞∑
n=0
w−2nel
(
2n+ 1
2
))]

Thus[
Xmα+ δn1Xn−α+ δn2
]
= 2%α−α
[
Tαm+n
(
δn1+n2
)+mXm+n(δn1+n2)+ ν∑
i=1
n1iT
δi
m+n
(
δn1+n2
)]

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If α ∈ ˙L, then
X
(
α+ δn1 z
)
X
(−α+ δn2 w)
= E−(α+ δn1 z)E+(α+ δn1 z)E−(−α+ δn2 w)E+(−α+ δn2 w)
· z2eα+δn1 zα+δn1 %αw2e−α+δn2w−α+δn2 %−α
= %α−α
(
1+ w
z
)−2(
1− w
z
)−2(w
z
)2
zw−1α+δn1
×X(α+ δn1−α+ δn2 zw) z > w
and
X
(−α+ δn2 w)X(α+ δn1 z)
= %−α α
(
1+ w
z
)−2(
1− w
z
)−2(w
z
)2
zw−1α+δn1
×X(α+ δn1−α+ δn2 zw) z < w
Therefore,[
Xmα+ δn1X−α+ δn2 w
]
= 1
2πi
∫
C1−C2C1z>w
C2 z<w
%α−αz2m−1
(
w
z
)2(
1+ w
z
)−2(
1− w
z
)−2
z
α+δn1
·w−α−δn1X(α+ δn1−α+ δn2 zw)dz
= %α−αw2m
[
mX
(
δn1+n2 w
)+ ( ∞∑
n=1
w2n
(
α+ δn1
)−n)X(δn1+n2 w)
+X(δn1+n2 w)
( ∞∑
n=0
w−2n
(
α+ δn1
)−n)]
= %α−αw2m
[
mX
(
δn1+n2 w
)+  (α+ δn1)wX(δn1+n2 w) ]
= %α−αw2m
[
mX
(
δn1+n2 w
)+ Tα(δn1+n2 w)+ ν∑
i=1
n1iT
δi
(
δn1+n2 w
)]
Thus for α ∈ ˙L, we have[
Xmα+ δn1Xn−α+ δn2
]
= %α−α
[
Tαm+n
(
δn1+n2
)+mXm+n(δn1+n2)+ ν∑
i=1
n1iT
δi
m+n
(
δn1+n2
)]

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Lemma 3.5. Let αβ ∈ ˙. Then
(1) αβ = −1, if α ∈ ˙L and βα+ β ∈ ˙;
(2) αβ = 0, if αβ ∈ ˙S and α+ β ∈ ˙;
(3) αβ ≥ 0, if α ∈ ˙L β ∈ ˙ and α+ β ∈ ˙ ∪ 0; and
(4) αβ = 1, if αβ ∈ ˙S and α+ β ∈ ˙ ∪ 0.
Lemma 3.6.[
Xmα+ δn1Xnβ+ δn2
]
= %αβXm+n
(
α+ β+ δn1+n2
)
 α ∈ ˙L β α+ β ∈ ˙
and [
Xmα+ δn1Xnβ+ δn2
]
= 2%αβXm+n
(
α+ β+ δn1+n2
)
 αβ ∈ ˙S α+ β ∈ ˙
Proof. For α ∈ ˙L β α+ β ∈ ˙, by Lemmas 3.1 and 3.5 we have
X
(
α+ δn1 z
)
X
(
β+ δn2 w
)
=
(
1+ w
z
)αβ(
1− w
z
)αβ
 Y (α+ δn1 z)Y (β+ δn2 w) 
· zααeα+δn1 zα+δn1 %αwββeβ+δn2wβ+δn2 %β
= %αβ
(
1+ w
z
)−1(
1− w
z
)−1
×X(α+ δn1 β+ δn2 zw)zw−1α+δn1  z > w
and
X
(
β+ δn2 w
)
X
(
α+ δn1 z
)
= %βα
(
1+ z
w
)−1(
1− z
w
)−1
zw−1αα
×X(α+ δn1 β+ δn2 zw)zw−1α+δn1
= −%βα
(
1+ w
z
)−1(
1− w
z
)−1
×X(α+ δn1 β+ δn2 zw)zw−1α+δn1  z < w
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By Lemma 1.1, %αβ = −%βα. Therefore,[
Xmα+ δn1Xβ+ δn2 w
]
= 1
2πi
∫
C1−C2 C1z>w
C2 z<w
%αβz2m−1
(
1+ w
z
)−1(
1− w
z
)−1
·X(α+ δn1 β+ δn2 zw)zw−1α+δn1 dz
= %αβ
[
z2m+1z +w−1X(α+ δn1 β+ δn2 zw)zw−1α+δn1 ]
∣∣∣
z=w
+ %αβ
[
z2m+1z −w−1X(α+ δn1 β+ δn2 zw)zw−1α+δn1 ]
∣∣∣
z=−w
= %αβw2mX(α+ β+ δn1+n2 zw)
Thus [
Xmα+ δn1Xnβ+ δn2
] = %αβXm+nα+ β+ δn1+n2)
where α ∈ ˙L β α+ β ∈ ˙.
For αβ ∈ ˙S α+ β ∈ ˙, by Lemmas 3.1 and 3.5 we have
X
(
α+ δn1 z
)
X
(
β+ δn2 w
)
=
(
1+ w
z
)(
1− w
z
)−1
 Y (α+ δn1 z)Y (β+ δn2 w) 
· zααeα+δn1 zα+δn1 %αwββeβ+δn2wβ+δn2 %β
= %αβ
(
1+ w
z
)−1(
1− w
z
)
z
w
×X(α+ δn1 β+ δn2 zw)zw−1α+δn1  z > w
and
X
(
β+ δn2 w
)
X
(
α+ δn1 z
)
= %βα
(
1+ z
w
)−1(
1− z
w
)
z
w
X
(
α+ δn1 β+ δn2 zw
)zw−1α+δn1
= −%βα
(
1+ w
z
)−1(
1− w
z
)
z
w
×X(α+ δn1 β+ δn2 zw)zw−1α+δn1  z < w
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By Lemma 1.1, we have %αβ = −%βα. Therefore,[
Xmα+ δn1Xβ+ δn2 w
]
= 1
2πi
∫
C1−C2 C1z>w
C2 z<w
%αβz2m−1
(
1+ w
z
)−1(
1− w
z
)
z
w
·X(α+ δn1 β+ δn2 zw)zw−1α+δn1 dz
= %αβ
(
z
w
− 1
)
z2mX
(
α+ δn1 β+ δn2 zw
)zw−1α+δn1 ∣∣
z=−w
= 2%αβw2mX(α+ β+ δn1+n2 w)
Thus [
Xmα+ δn1Xnβ+ δn2
] = 2%αβXm+n(α+ β+ δn1+n2)
where αβ ∈ ˙S and α+ β ∈ ˙.
Lemma 3.7. If αβ ∈ ˙ and α+ β ∈ ˙ ∪ 0, then[
Xmα+ δn1Xnβ+ δn2
] = 0
Proof. If α ∈ ˙L β ∈ ˙ and α+ β ∈ ˙ ∪ 0, then
X
(
α+ δn1 z
)
X
(
β+ δn2 w
)
= %αβ
(
1+ w
z
)αβ(
1− w
z
)αβ
zw−1αα+2αβ
·X(α+ δn1 β+ δn2 zw)zw−1α+δn1  z > w
and
X
(
β+ δn2 w
)
X
(
α+ δn1 z
)
= %βα
(
1+ z
w
)αβ(
1− z
w
)αβ
zw−1αα
·X(α+ δn1 β+ δn2 zw)zw−1α+δn1
= −1αβ%βα
(
1+ w
z
)αβ(
1− w
z
)αβ
zw−1αα+2αβ
·X(α+ δn1 β+ δn2 zw)zw−1α+δn1  z < w
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By Lemma 1.1, %αβ = −1αβ%βα. Therefore,[
Xmα+ δn1Xβ+ δn2 w
]
= 1
2πi
∫
C1−C2 C1z>w
C2 z<w
%αβz2m−1
(
1+ w
z
)αβ(
1− w
z
)αβ
× zw−1αα+2αβ ·X(α+ δn1 β+ δn2 zw)zw−1α+δn1 dz
Then by Lemma 3.5, we have[
Xmα+ δn1Xβ+ δn2 w
] = 0
Therefore, [
Xmα+ δn1Xnβ+ δn2
] = 0
If αβ ∈ ˙S and α+ β ∈ ˙ ∪ 0, then
X
(
α+ δn1 z
)
X
(
β+ δn2 w
)
= %αβ
(
1+ w
z
)αβ−1(
1− w
z
)αβ+1
zw−1αα+2αβ
·X(α+ δn1 β+ δn2 zw)zw−1α+δn1  z > w
and
X
(
β+ δn2 w
)
X
(
α+ δn1 z
)
= %βα
(
1+ z
w
)αβ−1(
1− z
w
)αβ+1
zw−1αα
·X(α+ δn1 β+ δn2 zw)zw−1α+δn1
= −1αβ+1%βα
(
1+ w
z
)αβ−1(
1− w
z
)αβ+1
zw−1αα+2αβ
·X(α+ δn1 β+ δn2 zw)zw−1α+δn1  z < w
By Lemma 1.1, %αβ = −1αβ+1%βα. Therefore,[
Xmα+ δn1Xβ+ δn2 w
]
= 1
2πi
∫
C1−C2 C1z>w
C2 z<w
%αβz2m−1
(
1+ w
z
)αβ−1(
1− w
z
)αβ+1
×zw−1αα+2αβ ·X(α+ δn1 β+ δn2 zw)zw−1α+δn1 dz
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Then by Lemma 3.5, we have[
Xmα+ δn1Xβ+ δn2 w
] = 0
Therefore, [
Xmα+ δn1Xnβ+ δn2
] = 0
Lemma 3.8. Let m ∈ Z, and let δn be a null root. Then
mXmδn + T
δn
m δn = 0
Proof. By Lemma 3.4, we have[
Xmα+ δnXn−α
]
= %α−α 2αα
[
Tαm+nδn +mXm+nδn + T
δn
m+nδn
]
and [
Xn−αXmα+ δn
] = %−α α 2αα [T−αm+nδn + nXm+nδn]
Since Xmα+ δnXn−α + Xn−αXmα+ δn = 0 and %α−α =
%−α α, the lemma holds.
4. THE IRREDUCIBLE DECOMPOSITION OF V µ/Mµ
Let d0 d1     dν be derivations on  such that
d0X ⊗ smtn = mX ⊗ smtn
diX ⊗ smtn = niX ⊗ smtn 1 ≤ i ≤ ν
d0 sm2 tn2dsm1 tn1 = m1 +m2sm2 tn2dsm1 tn1
di sm2 tn2dsm1 tn1 = n1i + n2ism2 tn2dsm1 tn1 1 ≤ i ≤ ν
and
d0 di = di dj = 0 1 ≤ i j ≤ ν
where X ∈ 0 n = n1 n2     nν ∈ Zν ni = ni1 ni2     niν ∈ Zν,
i = 1 2.
Let D be the linear span of d0 d1     dν. Then ˜ =  ⊕ D is a Lie
algebra called an extended toroidal Lie algebra. ˜ is Zν+1 graded by
degX ⊗ smtn = mnX ∈ 0
degsm2 tn2dsm1 tn1 = m1 +m2 n1 + n2
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and
degd0 = degdi = 0 1 ≤ i ≤ ν
For v = a1−n1a2−n2 · · · ak−nkel−m1 + 12 el−m2 + 12  · · · el−mp +
1
2  ∈ SĤ−, let
deg v = −
k∑
i=1
nk −
p∑
j=1
(
mj −
1
2
)

Deﬁne a Zν+1 gradation on V L by
degv⊗ er =
(
deg v − 1
2
rr rd1 r d2     rdν
)

where r ∈ L v ∈ SĤ−.
Lemma 4.1. V L is a Zν+1-graded ˜-module.
Let µ ∈ L and V µ = SĤ− ⊗ eµ+Q. Then
V L = ⊕
µ∈L/Q
V µ
and
V µ = ⊕
n1n2nk>0
k≥0
δi1−n1δi2−n2 · · · δik−nkSĤ−0  ⊗ eµ+Q
where Ĥ−0 =
⊕
k∈Z− H0k
⊕
k∈Z− Celk+ 12 .
Fix µ ∈ L/Q. Let
Mµ = ⊕
n1n2nk>0
k>0
δi1−n1δi2−n2 · · · δik−nkSĤ−0  ⊗ eµ+Q
and
W µ = SĤ−0  ⊗ eµ+Q0 
Then Mµ is a ˜-submodule of V L. Let
1 = 0 ⊗ Cs±1 ⊕ Cs−1ds
and
˜1 = 1 ⊕ Cd0
It is obvious that ˜1 is an afﬁne Lie subalgebra of ˜ of type Bl and W µ
is a ˜1-module.
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Let H1 = H0 ⊕Cs−1ds⊕Cd0. Then H1 is a Cartan subalgebra of ˜1. Let
α∨0 = s−1ds −
(
α∨1 + 2α∨2 + · · · + 2α∨l−1 + α∨l
)

Extend α1 α2     αl (see Section 1) to act on H1 by
αis−1ds = αid0 = 0 1 ≤ i ≤ l
Let α0 ∈ H∗1 be such that α0 α1     αl is the simple root system of afﬁne
Lie algebra ˜1 and
α0α∨0  = 2 α0d0 = 1 α0α∨2  = −1
and
α0α∨1  = α0α∨j  = α0s−1ds = 0 3 ≤ j ≤ l
Then δ = α0 + α1 + 2α2 + · · · + 2αl is an imaginary root of ˜1. Let 7i ∈
H∗1 i = 1 2 be such that
7iα∨j  = δij 7id0 = 0 0 ≤ j ≤ l
It is clear that 71 = 70 + ei.
Lemma 4.2. Associated with Cartan subalgebra H1 of ˜1 ˜1-module
W µ has weight space decomposition
W µ = ∑
λ∈PW µ
Wλ
and the weight space Wλ has the basis v ⊗ er+µ, where r ∈ Q0 v = 1 or
v = αi1−n1 · · ·αik−nk, and
λ = 70 +
(
deg v − 1
2
rr
)
δ+ r
where nj ∈ Z+\0 if 1 ≤ ij ≤ l − 1 nj ∈ 12Z+\0 if ij = l, and deg v and r
are uniquely determined by λ.
Lemma 4.3. For any λ ∈ PW µ, we have
λ ≤ 70 or λ ≤ 71 −
1
2
δ
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Proof. Suppose that λ = 70 + r + deg v − 12 rrδ, where r =∑l
i=1 kiαi ∈ Q0. Then
1
2
rr = 1
2
[
k21 + k1 − k22 + · · · + kl−1 − kl2
]

Therefore,
deg v − 1
2
rr = deg v − 1
2
[
k21 + k1 − k22 + · · · + kl−1 − kl2
]

λ = 70 + r +
(
deg v − 1
2
rr
)
δ = 70 +
l∑
i=0
miαi
and
λ−
(
e1 −
1
2
δ
)
= 70 +
(
m0 +
1
2
)
α0 +
(
m1 −
1
2
)
α1 +
l∑
i=3
miαi
= 70 +
l∑
i=0
niαi
It is easy to verify that m0m1    ml ∈ Z− ∪ 0 if deg v − 12 rr ∈ Z−
and n0 n1     nl ∈ Z− ∪ 0 if deg v − 12 rr ∈ Z− + 12 . Therefore, the
lemma holds.
Lemma 4.4. W µ is an integrable ˜1-module.
Proof. The Chevalley generators of ˜1 are eαi ⊗ 1 e−αi ⊗ 1 e−θ ⊗ s
eθ ⊗ s−11 ≤ i ≤ l, where θ = α1 + 2α2 + · · · + 2αl ∈ ˙L. By Theorem 2.1,
we have
πeαi ⊗ 1 = X0αi πe−αi ⊗ 1 = X0−αi 1 ≤ i ≤ l
and
πe−θ ⊗ s = X1−θ πeθ ⊗ s−1 = X−1θ
We have to prove that for any x ∈ W µ, there exists a positive integer N
such that
X1−θN · x = X0αiN · x = 0 1 ≤ i ≤ l
and
X−1θN · x = X0−αiN · x = 0 1 ≤ i ≤ l
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We can assume that x = v0 ⊗ eµ+r r ∈ Q0. Let Y α z be the same as that
in Section 2. Then
X0−αl · v0 ⊗ eµ+r = %−αl µ+ rY 12−αl r−αl · v0 ⊗ e
µ+r−αl
= v1 ⊗ eµ+r−αl 
where v1 = %−αl µ+ rY 12−αl r−αl · v0. If v1 = 0, then
deg v1 = deg v0 +
1
2
− αlr
Let
X0−αlk · v0 ⊗ eµ+r = vk ⊗ eµ+r−kαl  k = 1 2    
If vk = 0, then we have
degvk=degvk−1+
1
2
−αlr−k−1αl=degvk−1−αlr+k−
1
2

Therefore,
deg vk = deg v0 − kαlr +
1
2
k2
Since deg vk ≤ 0 (if vk = 0), there exists a positive integer Nl such that
vNl = 0. Therefore,
X0−αlNlv0 ⊗ eµ+r = 0
It is similar to prove that there exist positive integers MiNji = 0 1     l
j = 0 1     l − 1 such that
X1−θM0 · x = 0X0αiMi · x = 0
and
X−1θN0 · x = 0X0−αiNi · x = 0
Let N = maxMiNi0 ≤ i ≤ l, then N is the integer that we need.
Theorem 4.1. ˜1-module W µ is completely reducible.
Let W µ0 be the subspace with the basis v ⊗ eµ+r v ⊗ eµ+r ∈ W µ
and deg v − 12 rr ∈ Z− and let W µ 12 be the subspace with the basis
v⊗ eµ+r v⊗ eµ+r ∈ W µ and deg v − 12 rr ∈ Z− + 12. Then
W µ = W µ0
⊕
W µ 1
2

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For λ ∈ PW µ, by Lemma 4.3, we have
λ = 70 −
l∑
i=0
kiαi or λ = 71 −
1
2
δ−
l∑
i=0
kiαi
where ki ∈ Z+. Deﬁne
degλ =
l∑
i=0
ki
and
W µj =
⊕
λdegλ=j
W µλ
Then
W µ = ⊕
j∈Z+
W µj 
Deﬁne
ChqW µ =
∑
j∈Z+
dimW µjqj
Let L7 be an irreducible module of the afﬁne Lie algebra B1l with
highest weight 7. Deﬁne dimq L7 as that in Section 10.10 of [6].
Lemma 4.5. Let 7ii = 0 1 be fundamental weights of B1l . Then
dimq L70 = dimq L71
= ∏
k≥0
(
1− q2k+12l)−1(1− q2k+12l−1)−1
· ∏
k≥0
l−1∏
j=1
(
1− q2k2l−1+2j−1)−1 ∏
k≥1
l−1∏
j=1
(
1− q2k2l−1−2j+1)−1
In particular, if l = 2, then B12 ∼= C12 . In this case we have
dimq L70 = dimq L71 =
∏
k≥0
1− q8k+4−11− q2k+1−1
Proof. By the deﬁnition of dimq L7, we have
dimq L7 =
∏
α∈∨+
(
1− q7+ρα
1− qρα
)multα

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where ∨ is the dual-root system of B1l and ρ ∈ H∗1 satisﬁes
ρα∨i  = 1 i = 0 1     l
Since the dual-root system of B1l l ≥ 3 is the root system of A22l−1 and
the dual-root system of B12 is the root system of D
2
3 , we can compute
dimq L70 and dimq L71 directly.
Lemma 4.6. Assume that l = 2. Then
ChqW µ = 2
∏
j∈Z+
1− q8k+4−21− q2k+1−1
Proof. By the deﬁnition of ChqW µ, we have
ChqW µ =
∏
k≥1
1− q4k−11− q2k−1
( ∑
k1 k2∈Z
q2k
2
1−2k1q2k
2
2−k2
)
= ∏
k≥1
1− q4k−11− q2k−1
(∑
n∈Z
q2nn−1
)(∑
n∈Z
qn2n+1
)

Note that ∑
n∈Z
q2nn−1 = ∑
n∈Z
q4n2n−1 +∑
n∈Z
q22n+12n+1−1
= 2∑
n∈Z
q4n2n+1
By the Gauss identity
∏
j≥11− q2j21− qj−1 =
∑
n∈Z qn2n+1, we have
ChqW µ = 2
∏
k≥1
1− q4k−11− q2k−11− q8k2
· ∏
k≥1
1− q4k−11− q2k21− qk−1
= 2 ∏
k≥0
1− q8k+4−21− q2k+1−1
Therefore, the lemma holds.
Lemma 4.7. P+ ∩ PW µ = 70 + deg v − 12 rrδ71 − 12δ +
deg v − 12 rrδv ⊗ eµ+r ∈ W µ. Therefore, if W is an irreducible sub-
module of W µ, then W is isomorphic to L70 or L71. If W ∼= L70,
then W ⊆ W µ0; if W ∼= L71, then W ⊆ W µ 12 .
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Proof. Assume that λ ∈ P+ ∩ PW µ. By Lemma 4.2, we have
λ = 70 +
(
deg v − 1
2
rr
)
δ+ r
Since λ ∈ P+, we have λαi ≥ 0 i = 0 1     l. It is easy to prove that
r = 0 or r = e1.
Lemma 4.8. If v ⊗ eµ or v ⊗ eµ+e1 is a highest-weight vector, then v ∈
S∑k∈Z++ 12 Cel−k (the symmetric algebra of ∑k∈Z++ 12 Cel−k).
Proof. Assume that v ⊗ eµ or v ⊗ eµ+e1 is a highest weight vector. For
a ∈ H0 n ∈ Z+\0, if an · v = 0, then an · v⊗ eµ or an · v⊗ eµ+e1 is
still a highest weight vector. Since W µ is completely reducible, it is impos-
sible. Therefore an · v = 0. This proves that v ∈ S∑k∈Z++ 12 Cel−k.
By Lemma 4.8, we deduce that
Lemma 4.9. (1) v⊗ eµ is a highest-weight vector if and only if v⊗ eµ+e1
is a highest-weight vector.
(2) To give all the linearly independent highest-weight vectors of W µ
for l ≥ 3, we need only consider the case of l = 2.
Set
Sel z = F−el zF+el z
and
Sel z =
∑
n∈Z
Sn
2
elz−n
For the sake of convenience, we denote Sneln ∈ Z by Sn.
Lemma 4.10. Assume that v⊗ eµ is a highest-weight vector of W µ. Then
for n ∈ Z\0 Sn · v⊗ eµ (if Sn · v = 0) is still a highest-weight vector.
Proof. Since α0 α1     αl−1 are long roots, by the deﬁnition of
Xαi zi = 0 1     l − 1 and Theorem 2.1, we know that
eαi · Sn · v⊗ eµ = 0 i = 0 1     l − 1
Note that
eαl · Sn · v⊗ eµ = Y 12 el · Sn · v⊗ e
µ+αl 
where
Y el z =
√
−1E−el zE+el zF−el zF+el z
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and
Y el z =
∑
n∈Z
Yn
2
elz−n
By Lemma 3.1, we have{
Y 1
2
el Sel w
} = Y 1
2
elSel w + Sel wY 12 el
= 1
2πi
∫
C1−C2 C1z>w
C2 z<w
(
1− w
z
)(
1+ w
z
)−1
 Y el zSel w  dz
= z −w  Y el zSel w  z=−w
= −2
√
−1wE−el wE+el w
Therefore, if n ∈ Z, then
Y 1
2
elSn + SnY 12 el = 0
Since v⊗ eµ is a highest-weight vector, Y 1
2
el · v = 0. Hence
Y 1
2
el · Sn · v⊗ eµ = 0
This proves the lemma.
Lemma 4.11. For mn ∈ Z, we have
Sn Sm = SnSm + SmSn = 2δm+n 0
In particular, if mn ∈ Z−, then
SnSm = −SmSn S2n = 0
Proof. It is clear that
Sel zSel w =
(
1− w
z
)(
1+ w
z
)−1
 Sel zSel w  z > w
and
Sel wSel z = −
(
1− w
z
)(
1+ w
z
)−1
 Sel zSel w  z < w
Therefore,
Sn Sel w
= 1
2πi
∫
C1−C2 C1z>w
C2 z<w
z2n−1
(
1− w
z
)(
1+ w
z
)−1
 Sel zSel w  dz
= z2n−1z −w  Sel zSel w  z=−w = 2w2n
Thus
Sn Sm = 2δm+n 0
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Lemma 4.12. For 1 ≤ n ∈ Z+ S−mkS−mk−1 · · · S−m2S−m1 ⊗ eµmi ∈ Z+,
mk > mk−1 > · · · > m1 ≥ 1 and
∑k
i=1mi = n are linearly independent.
Proof. We prove this lemma by using induction on n. If n = 1, then
S−1 ⊗ eµ = 2el− 12 2 ⊗ eµ. It is clear that S−1 ⊗ eµ is linearly independent.
Assume that S−mkS−mk−1 · · · S−m2S−m1 ⊗ eµmi ∈ Z+mk > mk−1 > · · · >
m1 ≥ 1 and
∑k
i=1mi = m < n are linearly independent. We say that
S−mkS−mk−1 · · · S−m2S−m1 ⊗ eµmi ∈ Z+mk > mk−1 > · · · > m1 ≥ 1 and∑k
i=1mi = n are also linearly independent. In fact, suppose that
v⊗ eµ = ∑
mk>mk−1>···>m1≥1
m1+m2+···+mk=n
λm1m2 mkS−mkS−mk−1 · · · S−m2S−m1 ⊗ eµ = 0
Then by Lemma 4.11, we have
S1v⊗eµ=−1k−12
∑
mk>mk−1>···>m2>1
1+m2+···+mk=n
λ1m2mkS−mkS−mk−1 ···S−m2⊗eµ=0
By inductive assumption, λ1m2mk=0, Therefore,
v⊗eµ= ∑
mk>mk−1>···>m1>1
m1+m2+···+mk=n
λm1m2mkS−mkS−mk−1 ···S−m2S−m1⊗eµ=0
By considering Si ·v⊗eµi=23n continously and using inductive
assumption, we deduce that
λm1m2mk=0
Therefore, the lemma holds.
Let V0m1m2mk (resp. V 12 m1m2mk) be the irreducible highest-
weight submodule of W µ with highest-weight vector S−mkS−mk−1 ···
S−m1⊗eµ (resp. S−mkS−mk−1 ···S−m1⊗eµ+e1 ). Then V0m1m2mk (resp.
V 1
2 m1m2mk) is isomorphic to L70 (resp. L71), where mi∈Z k≥1
and mk>mk−1> ···>m1≥0.
Theorem 4.2. W µ has the following irreducible decomposition:
W µ= ⊕
mi∈Zk≥1
0≤m1<m2<···<mk
(
V0m1m2mk⊕V 12 m1m2mk
Proof. By Lemma 4.12, the sum∑
mi∈Zk≥1
0≤m1<m2<···<mk
(
V0m1m2mk⊕V 12 m1m2mk
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is a direct sum of vector spaces. By Lemma 4.9, we need only consider the
case of l=2. By the deﬁnition of ChqW µ, we know that
ChqV0m1m2mk =q2lm1+m2+···+mkdimqL70
and
ChqV 12 m1m2mk =q
2lm1+m2+···+mkdimqL71
Therefore, by Lemma 4.5, we have
ChqV0m1m2mk =ChqV 12 m1m2mk
=q4m1+m2+···+mk∏
k≥0
1−q8k+4−11−q2k+1−1
We deduce that
Chq

 ⊕
mi∈Zk≥1
0≤m1<m2<···<mk
(
V0m1m2mk⊕V 12 m1m2mk
)


=2

 ∑
mi∈Zk≥1
0≤m1<m2<···<mk
q4m1+m2+···+mk

∏
k≥0
1−q8k+4−11−q2k+1−1
=2∏
k≥1
1+q4k∏
k≥0
1−q8k+4−11−q2k+1−1
=2∏
k≥1
1+q4k1−q4k1−q4k−1∏
k≥0
1−q8k+4−11−q2k+1−1
=2∏
k≥0
1−q8k+4−21−q2k+1−1
By Lemma 4.6, we have
Chq

 ⊕
mi∈Zk≥1
0≤m1<m2<···<mk
(
V0m1m2mk⊕V 12 m1m2mk

=ChqW µ
Therefore, for any l≥2, we have
W µ= ⊕
mi∈Zk≥1
0≤m1<m2<···<mk
(
V0m1m2mk⊕V 12 m1m2mk
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Remark. The result of Theorem 4.2 corrects a faulty result in [7].
Set τi=X−µδiδi1≤ i≤ν. Then
τki =X−kµδikδii=12ν
Let τm=τm11 τm22 ···τmνν and
W µ⊗tm=τmW µ=SĤ−0 ⊗eµ+
∑ν
i=1miδi+Q0 
Lemma 4.13 ([2]). V µ/Mµ∼=W µ⊗Aν as vector space, whereAν=
Ct±11 t±12 t±1ν .
We extend the action of 1 on W µ to the action of 1⊗Aν on W µ⊗
Aν by
πX⊗tmv⊗tn=πXv⊗tm+n
where X∈1v∈W µmn∈Zν.
Deﬁne a Lie algebra homomorphism ϕ −→1⊗Aν by
(1) ϕ is id on 0⊗Cs±1t±11 t±1ν ;
(2) ϕsmtnt−1i dti=01≤ i≤ν;
(3) ϕsmtns−1ds=0m =0;
and
(4) ϕtns−1ds=s−1ds⊗tn.
Lemma 4.14. W µ⊗Aνπ◦ϕ is a complete reducible -module. If W
is an irreducible 1-submodule of W µ, then W ⊗Aν is an irreducible -
submodule of W µ⊗Aν.
Deﬁne the linear transformation σ of  by
σX⊗smtn=X⊗sm+µδntn
σsm2 tn2dsm1 tn1=sm2+µδn1 tn2dsm1+µδn1 tn1
Then σ is an automorphism of .
Theorem 4.3. V µ/Mµ is isomorphic to W µ⊗Aνπ◦ϕ◦σ as a
-module. Therefore, V µ/Mµ is completely reducible and
V µ/Mµ
∼=

 ⊕
mi∈Zk≥1
0≤m1<m2<···<mk
(
V0m1m2mk⊗Aν⊕V 12 m1m2mk⊗Aν
)


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